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In the context of f (R) theories of gravity with non-minimal coupling between matter and geometry, we
study the evolution of scalar cosmological perturbations in the metric formalism. We not only derive
the perturbation equations in the longitudinal gauge, but also obtain the equation of matter density
perturbations by using both the perturbed covariant conservation equations which are subject to taking
the Lagrangian density of matter as opposite to the energy density of a perfect ﬂuid, and the subhorizon
approximation. Furthermore, in order to investigate the behavior of matter density perturbations, we
apply the obtained perturbation equation to a class of models. In these models, it is shown that 1) the
stronger the non-minimal coupling between matter and geometry is, the more the growth of matter
density perturbations slows down; 2) the small scale perturbations grows faster than the large ones; and
3) the more the deviation of parameter n or λ from zero gets, the more evident the scale dependence of
the growth of matter density perturbations becomes.
© 2013 Elsevier B.V. Open access under CC BY license.1. Introduction
Based on the Einstein’s theory of general relativity (GR), mod-
ern cosmology has obtained many successes. However, our uni-
verse is undergoing the phase of accelerating expansion at present
time [1,2], which poses one of the most critical problems to mod-
ern cosmology. According to GR, ordinary particles and dark matter
can’t be used to explain the reason that why the expansion of
our universe is accelerating. In order to describe this observational
phenomenon in GR, there should be an exotic component with
large negative pressure in cosmic energy budget, usually called
dark energy. Unfortunately, up to now, both the nature and the
origin of dark energy are not clear.
Alternatively, to avoid postulating an exotic component in cos-
mic energy budget, modiﬁed theories of gravity is an attractive
candidate [3–6]. Among these candidates, f (R) theories of grav-
ity (see, for instance, Refs. [7,8] for reviews) is more competitive,
in which the gravitational action contains a general function of
the Ricci scalar R . A great variety of f (R) models have been
proposed, some of which have been discussed in the accelerat-
ing expansion universe [9–13]. However, none of them is perfect
enough. In order to keep constructed f (R) models to be success-
fully compatible with both theories and observations, it should be
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Open access under CC BY license.satisﬁed the so-called standard viability criteria which has been
formulated in Ref. [7]. Moreover, f (R) theories of gravity have
been discussed extensively in other aspects (see Refs. [14–20] and
references therein). One of such discussions has been noticed re-
cently, in which the version of f (R) theories of gravity possesses a
non-minimal coupling between matter and geometry [21], usually
called non-minimal coupling f (R) model. Due to the non-minimal
coupling term, there is a non-trivial exchange between matter and
geometry.
Since many f (R) models have been proposed, it gives rise
to the problem of how to discriminate between them by us-
ing present or future observations. It is known that the back-
ground Friedmann–Lemaitre–Robertson–Walker (FLRW) cosmolog-
ical model is realistically impossible to distinguish between dif-
ferent f (R) models, because the FLRW metric can be taken as a
solution for most gravitational ﬁeld equations. However, the evolu-
tion of perturbations is sensitive not only to the background evolu-
tion, but also to the adopted theories of gravity, which means that
different theories of gravity produce different cosmological per-
turbations which leaves different relics in the universe. To detect
these relics, one approach is from the cosmic microwave back-
ground [22,23]. Thus by using the detective results from the cosmic
microwave background, different f (R) theories of gravity can be
separated from each other.
The approach of cosmological perturbations has been discussed
in f (R) theories of gravity. However, most literature on this topic
are restricted to f (R) theories of gravity without considering cou-
pling between matter and geometry (see Refs. [18,24–26] and
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matter–geometry coupling on cosmological perturbations, which
should be presented new characteristics. In order to investigate
this scenario, in this work, we study the evolution of matter den-
sity perturbations in f (R) theories of gravity with non-minimal
coupling between matter and geometry.
In what follows, the background equations, i.e., the fundamen-
tal elements of f (R) theories of gravity with non-minimal coupling
between matter and geometry, are given in Section 2. In Section 3,
in the metric formalism, the scalar perturbation equations for f (R)
theories of gravity with non-minimal coupling between matter and
geometry are derived in the longitudinal gauge. Then, by using the
perturbed covariant conservation equations which are subject to
taking the Lagrangian density of matter as opposite to the energy
density of a perfect ﬂuid, and considering the subhorizon approx-
imation, the equation of matter density perturbations is obtained.
The effect of non-minimal matter–geometry coupling appears in an
effective gravitational ‘constant’ Geff whose explicit form is given
in Eq. (23). In Section 4, in order to investigate the evolution of
matter density perturbations, we apply the obtained perturbation
equation to a speciﬁc type of model. As convenience for compar-
ison, the corresponding results of both non-coupling f (R) model
and the standard CDM model are also presented. Last section
contains our conclusion.
2. Background equations
The action is taken as [21]
S =
∫ {
1
2
f1(R) +
[
1+ λ f2(R)
]
Lm
}√−g d4x, (1)
where f i(R) (i = 1,2) are arbitrary functions of the Ricci scalar R ,
Lm is the Lagrangian density of matter and λ is a constant which
indicates the coupling strength of the interaction between mat-
ter and geometry. When λ = 0, action (1) can be reduced to the
context of f (R) gravity with non-coupling between matter and
geometry. Furthermore, by setting f1(R) = R , the context of GR
can be reproduced. Note that the term of “non-minimal coupling”
means the matter Lagrangian density Lm is not modiﬁed in the to-
tal action [27]. The convention 8πG = c = 1 is used throughout
this work.
The ﬁeld equations obtained from varying the action (1) with
respect to gμν are
f1R(R)Rμν − 1
2
f1(R)gμν + (gμν−μν) f1R(R)
= −2λ f2R(R)LmRμν + 2λ(μν − gμν)Lm f2R(R)
+ [1+ λ f2(R)]Tμν, (2)
where f iR(R) ≡ dfi(R)/dR (i = 1,2),  ≡ αα and μ is the
usual covariant derivative with respect to the FLRW metric. The
matter energy–momentum tensor is deﬁned as
Tμν = − 2√−g
δ(
√−gLm)
δgμν
. (3)
Taking into account of the covariant divergence of the ﬁeld
equations (2), the Bianchi identities, μGμν = 0, and the geomet-
rical identities, (ν −ν) f iR = Rμνμ f iR , one can obtain
μTμν = λ f2R
1+ λ f2 [gμν Lm − Tμν ]
μR. (4)
It is clear that due to the existent coupling term, there is a non-
trivial exchange between matter and geometry. However, in princi-
ple, a conservative model can be realized in this class of theories,if f2(R) is a constant or the Lagrangian density of matter Lm is not
an explicit function of the metric.
Considering the ﬂat FLRW spacetime,
ds2 = −a2(η)dη2 + a2(η)dX2, (5)
where a(η) is the scale factor and η is the conformal time, the
background dynamical equations for f (R) theories of gravity with
non-minimal coupling between matter and geometry can be ob-
tained as follows:
3( f1R + 2λ f2R Lm)H2 = 3a
′′
a
( f1R + 2λ f2R Lm)
− 1
2
a2 f1 − 3H( f1R + 2λ f2R Lm)′
+ (1+ λ f2)a2ρ, (6)
6H2( f1R + 2λ f2R Lm) = a2 f1 + 3( f1R + 2λ f2R Lm)′′
+ (1+ λ f2)a2(ρ + 3p), (7)
where H≡ a′/a and a prime denotes derivative with respect to the
conformal time η.
3. Perturbation equations
In this section, the equations of scalar perturbations in f (R)
theories of gravity with non-minimal coupling between matter and
geometry are derived. In what follows, the Latin and Greek letters
are used to denote spatial and 4-vector coordinates, respectively,
and the Einstein summation convention is also used.
The scalar perturbations of the ﬂat FLRW metric in the longitu-
dinal gauge and in the conformal time is given by
ds2 = −a2(η)[(1+ 2Φ)dη2 − (1− 2Ψ )(dr2 + r2 dΩ22 )], (8)
where Φ ≡ Φ(η,−→x) and Ψ ≡ Ψ (η,−→x) are the scalar perturbations.
The energy–momentum tensor of a perfect ﬂuid with the energy
density ρ and pressure P has the form
Tμν = (ρ + p)UμUν + pgμν, (9)
where Uμ is the four-velocity of the ﬂuid. Then the energy–
momentum tensor has the following expressions at ﬁrst order
[28]
T 00 = −(ρ + δρ), (10a)
T 0i = (ρ + p)vi = −T i0, (10b)
T ij = (p + δp)δij, (10c)
where δρ is the energy density perturbations, v is the potential
for velocity perturbations and δp is the pressure perturbations.
Using the background ﬁeld equations (2), the ﬁrst order per-
turbed equations are derived as
f1RRδRRμν + f1RδRμν − 1
2
f1RδRgμν − 1
2
f1δgμν
+ δ(gμν f1R) − δ(μ ν f1R)
= −2λ f2RRδRLmRμν − 2λ f2RδLmRμν − 2λ f2R LmδRμν
+ 2λδ[μ ν (Lm f2R)]− 2λδ[gμν(Lm f2R)]
+ λ f2RδRTμν + (1+ λ f2)δTμν. (11)
Then in the Fourier space the perturbation equations are:
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−3H′ f1RRδR − f1R
[
2k2Ψ + 6H(HΦ + Ψ ′)]+ k2 f1RRδR
+ 3H( f1RRδR)′ − 3
(
Ψ ′ + 2HΦ) f ′1R
= 6H′λ f2RRδRLm + 6H′λ f2R(δLm − 2ΦLm)
− 2λ f2R Lm
[
3Ψ ′′ − k2Φ + 3H(Φ ′ + Ψ ′)]− 6Hλ(δLm f2R
+ Lm f2RRδR)′ − 2λk2(δLm f2R + LmδR f2RR)
+ 6λ(2HΦ + Ψ ′)(Lm f2R)′ + a2ρ[λ f2RδR + (1+ λ f2)δ],
(12)
0–i component:
2A
(
Ψ ′ +HΦ)− [( f1RRδR)′ − Φ f ′1R −H f1RRδR]
= 2λ[(δLm f2R)′ + (LmδR f2RR)′ − Φ(Lm f2R)′
−HδLm f2R −HLmδR f2RR
]− (1+ λ f2)[a2(ρ + p)v], (13)
i– j (i = j) component:
A(Ψ − Φ) = f1RRδR + 2λ(δLm f2R + Lm f2RRδR), (14)
where δ ≡ δρ/ρ is the density contrast, H≡ a′/a, a prime denotes
derivative with respect to the conformal time η, k is a comoving
wave number and the expressions of A and δR are respectively
given as
A ≡ f1R + 2λ f2R Lm, (15)
δR = 2
a2
[
k2(Φ − 2Ψ ) − 3Ψ ′′ − 6Φ(H′ +H2)
− 3H(Φ ′ + 3Ψ ′)]. (16)
It is worth stressing that by taking f2(R) = 0 in above results,
the perturbation equations in f (R) gravity with non-coupling be-
tween matter and geometry can be obtained, which are just the
results given in Ref. [24].
In our considered scenario, matter is non-minimally coupled
with geometry, which indicates that there is a non-trivial exchange
between geometry and matter. In order to construct the conserva-
tive context, certain condition should be taken into consideration,
which can be found from Eq. (4), i.e., the form of the Lagrangian
density of matter, Lm , should be taken as opposite to the energy
density of a perfect ﬂuid [27,29,30], i.e., Lm = −ρ . Under this con-
dition, the components of the perturbed covariant conservation
equations to the ﬁrst order in Fourier space respectively read
3Ψ ′
(
1+ c2s
)− δ′ + (1+ c2s )k2v = 0, (17)
Φ + c
2
s
1+ c2s
δ + v ′ +Hv(1− 3c2s )= 0, (18)
where it has been used the assumption that the equation of state
for both perturbed and unperturbed matter are the same, i.e.
δp/δρ ≡ c2s ≡ p/ρ .
In a dust matter dominated universe, i.e. c2s = 0, Eqs. (17) and
(18) can be combined to give
δ′′ +Hδ′ + k2Φ − 3Ψ ′′ − 3HΨ ′ = 0. (19)
We are interested in the behavior of matter perturbations for
modes that are inside the horizon well after the radiation–matter
equality, i.e., the situation under the subhorizon approximation,
k 	H. Therefore, under the subhorizon approximation and con-
sidering cold dark matter as the only component in our universe,
Eq. (19) givesδ′′m +Hδ′m + k2Φ 
 0. (20)
Combining Eqs. (12) and (14), the expression of Φ reads
Φ 
 −−2λk
2 f2R + (1− 2Q )(1+ λ f2)a2
(2− 3Q )k2A ρmδm, (21)
where Q ≡ −2k2B/a2A and B ≡ f1RR − 2λ f2RRρm . Thus the equa-
tion of matter density perturbations, i.e., Eq. (20), can be expressed
as
δ′′m +Hδ′m − 4πa2Geffρmδm 
 0, (22)
where Geff is the effective gravitational ‘constant’ on subhorizon
scales, which is deﬁned as
Geff 
 −2λk
2 f2R + a2(1− 2Q )(1+ λ f2)
8πa2A(1− 32 Q )
. (23)
Considering Eq. (23), the gravitational potential, i.e., Eq. (21), turns
to
Φ 
 −4πGeff a
2
k2
ρmδm, (24)
which corresponds to a Poisson equation in the Fourier space.
Note that by taking f2(R) = 0 in Eqs. (22) and (24), the equa-
tion of matter density perturbations and the expression of gravita-
tional potential in non-coupling f (R) gravity under subhorizon are
obtained, which are consistent with the results given in Ref. [24].
4. Evolution of matter density perturbations under subhorizon
In order to investigate the evolution of matter density pertur-
bations, we apply the obtained perturbation equation, i.e., Eq. (22),
to a speciﬁc f (R) model. According to Refs. [23,31–33], the model
of type f (R) = R + αRn (α < 0, 0 < n < 1) is cosmologically ac-
ceptable, where a viable matter era can be achieved. Moreover, to
avoid the instability, an R2 term should be taken into considera-
tion [10,11]. Thus, in this work, the forms of f1(R) and f2(R) are
respectively taken as
f1(R) = R + αRn, (25)
f2(R) = R2, (26)
where α and n are constants.
To make the background evolution of this considered model
to resemble that of the standard CDM model, we adopt n =
0.00001, α = −4.3H20, H0 = 75 kms−1 Mpc−1 and λ =
−10−12 Gyr4.1 In order to ensure the behavior of density con-
trast δ is k-independence in a matter dominated universe, i.e.,
δk(η) ∝ a(η), the initial conditions is chosen at scale factor a =
0.01. As convenience for comparison, the corresponding results of
both non-coupling f (R) model with f (R) = R +αRn and the stan-
dard CDM model are also presented.2
Figs. 1(a) and 2(a) show the evolution of matter density per-
turbations with different parameters α and n, respectively, from
which it is clear that during the early time, the evolutionary tra-
jectories of our considered model are similar to both that of non-
coupling f (R) model and the standard CDM model. But when it
1 To make the background evolution of our considered model to resemble that
of the standard CDM model, it requires two things, i.e., 1) λ 0 and 2) αRn 
−2Λ. For the former one, it can be realized by taking λ as λ = −10−12 Gyr4. For
the latter one, by considering R ≈ −4Λ in GR and taking α = −2Λ ≈ −4.3H20 and
n = 0.00001, one has |R|n ≈ 0.99996 1, then αRn −2Λ.
2 The code for numerical integration is available at http://github.com/hao-wang/
FR-integ.
8 J. Wang, H. Wang / Physics Letters B 724 (2013) 5–10Fig. 1. (a) The numerical solutions of Eq. (22) for some selected values of parameter α at k = 0.04h Mpc−1, where f1(R) and f2(R) are taken as Eq. (25) and Eq. (26),
respectively. (b) The transfer functions for the model of Eqs. (25) and (26) at present time. For situations of both (a) and (b), the rest of parameters are chosen as λ =
−10−12 Gyr4 and H0 = 75 kms−1 Mpc−1. In order to make the discrimination between different models obviously, we take n = 0.1 for non-coupling f (R) model and
n = 0.00001 for both our considered model and the standard CDM model. Note that the transfer functions are normalized by their values at the largest scales (the
smallest k).
Fig. 2. (a) The numerical solutions of Eq. (22) for some selected values of parameter n at k = 0.04 hMpc−1, where f1(R) and f2(R) are taken as Eq. (25) and Eq. (26),
respectively. (b) The transfer functions for the model of Eqs. (25) and (26) at present time. For situations of both (a) and (b), the rest of parameters are taken as the same as
in Fig. 1.comes to the recent period, the situation is reverse. Moreover, the
larger the absolute value of parameter α becomes or the smaller
the parameter n gets, the more the growth of matter density per-
turbations slows down.
In order to investigate the effect of non-minimal matter–
geometry coupling on structure formation, the evolution of matter
density perturbations with different coupling constants λ for our
considered case is illustrated in Fig. 3(a), which indicates that the
stronger the non-minimal coupling between matter and geome-
try is, the more the growth of matter density perturbations slows
down. As the coupling constant λ becomes close to zero, the evo-
lutionary trajectory of matter density perturbations approaches to
that of the standard CDM scenario.For discussion of the perturbation evolution in subhorizon, a
standard result that is given is the complete power spectrum.
However, in this work, to obtain the complete power spectrum is
unfeasible, because the equation of matter density perturbations is
obtained by using the subhorizon approximation and considering
cold dark matter as the only component in our universe. Instead of
obtaining the complete power spectrum, we investigate the trans-
fer functions for our considered model. The corresponding results
are shown in Figs. 1(b), 2(b) and 3(b), respectively, which indicate
that the small scale perturbations grows faster than the large ones
and the more the deviation of parameter n or λ from zero gets,
the more evident the scale dependence of the growth of matter
density perturbations becomes.
J. Wang, H. Wang / Physics Letters B 724 (2013) 5–10 9Fig. 3. (a) The numerical solutions of Eq. (22) for some selected values of parameter λ at k = 0.04 hMpc−1, where f1(R) and f2(R) are taken as Eq. (25) and Eq. (26),
respectively. (b) The transfer functions for the model of Eqs. (25) and (26) at present time. For situations of both (a) and (b), the rest of parameters are taken as the same as
in Fig. 1.5. Conclusion
In this Letter, we have studied the evolution of matter density
perturbations in f (R) theories of gravity with non-minimal cou-
pling between matter and geometry. We have not only derive the
scalar perturbation equations in the longitudinal gauge, but also
obtain the equation of matter density perturbations by using both
the perturbed covariant conservation equations which are subject
to taking the Lagrangian density of matter as opposite to the en-
ergy density of a perfect ﬂuid, and the subhorizon approximation.
Furthermore, in order to investigate the evolution of matter
density perturbations, we have applied the obtained perturbation
equation to a class of models. In these models, the evolution of
matter density perturbations with different parameters α and n
has been studied and the corresponding results have been shown
in Figs. 1(a) and 2(a), respectively, which indicate that during the
early time, the evolutionary trajectories of our considered model
are similar to both that of non-coupling f (R) model and the stan-
dard CDM model. But when it comes to the recent period, the
situation is reverse and the larger the absolute value of parame-
ter α becomes or the smaller the parameter n gets, the more the
growth of matter density perturbations slows down.
Moreover, the effect of the non-minimal coupling between mat-
ter and geometry on the evolution of matter density perturbations
has also been explored and the corresponding result has been
illustrated in Fig. 3(a), which indicates that the stronger the non-
minimal coupling between matter and geometry is, the more the
growth of matter density perturbations slows down. As the cou-
pling constant λ becomes close to zero, the evolutionary trajectory
of matter density perturbations approaches to that of the stan-
dard CDM scenario. This situation implies that in order to make
theoretical results to be compatible with observational data, the
interaction between matter and geometry should be weak, other-
wise structure formation would be different from what we have
observed.
Finally, instead of studying the complete power spectrum, we
have investigated the transfer functions for our considered model
and the corresponding results have been shown in Figs. 1(b), 2(b)
and 3(b), respectively, which indicate that due to the existence of
the matter–geometry coupling term, structure formation is scaledependence, i.e., the small scale perturbations grows faster than
the large ones and the stronger the matter–geometry coupling is,
the more obvious the scale dependence of structure formation be-
comes.
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